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These lecture notes contain an introduction to rotational integral geometry. A
short presentation of recent results for rotational integral geometry of tensor
valuations is also given and open problems in rotational integral geometry are
discussed.

The motivation for developing rotational integral geometry comes from local
stereology ([10]) where the aim is to estimate quantitative properties of a spatial
structure from random sections passing through reference points. A model
example is the case where the structure is a biological cell and the reference point
is the cell nucleus or some identifiable part of the nucleus such as a nucleolus.
In this example, the cell is regarded as a neighbourhood of its nucleus. Some of
the methods to be described in these lecture notes are widely used and in fact
highly cited in the biomedical literature, see e.g. [7, 11, 20].
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Overview of lectures

Lecture 1: Rotational integrals of intrinsic volumes

We will study rotational integrals of sectional volume, sectional surface area and,
more generally, intrinsic volumes. Rotational integrals of sectional volume are
easily treated, using the Blaschke-Petkantschin formula. The case of sectional
surface area and the remaining intrinsic volumes is more involved.

Lecture 2: Intrinsic volumes as rotational integrals

In this lecture, we study the ’opposite/inverse’ problem of determining the mea-
surement in the section with rotational integral equal to a given intrinsic volume.
We derive a functional, defined on the section, with this property and study its
geometric properties.

Lecture 3: Rotational integral geometry of tensors
We will extend the results of the previous lectures to Minkowski tensors.

Lecture 4: Future topics in rotational integral geometry

We will discuss a number of important open problems in rotational integral
geometry, including uniqueness of the functional defined in Lecture 2, estimation
of tensors in particle populations and a principal rotational formula.

Literature:
As background material, we recommend the book [10] on local stereology. Most
of the material presented in this lecture series is also described in the papers
[1, 2, 3, 12].



Lecture 1:
Rotational integrals of intrinsic volumes

We let IC(R?) denote the set of convex bodies (compact and convex sets) in
R?. The geometric identities considered throughout these lecture notes have
the following general form

/a(X NL)L = B(X), (1)

where «, 8 are geometrical quantities to be defined more precisely below, X €
K(R?) is the spatial object of interest, L is the probe (line, plane, grid of parallel
lines, ...) and dL is ‘uniform integration’ over positions of L. In rotational
integral geometry, we focus on geometric identities for j-dimensional planes L;
in R? passing through the origin O (L; is a j-dimensional linear subspace in
R? called a j-subspace in the following). The choice of origin is an important
question in applications; in biomedicine, X is typically a cell and O is the nucleus
or a nucleolus of the cell.

In this lecture, rotational integrals of intrinsic volumes will be studied. So
« is an intrinsic volume, determined on the section, and the aim is to find
the corresponding 3. As we shall see, 8 involves weighted curvature measures.
Intrinsic volumes are special cases of the Minkowski tensors to be considered in
Lecture 3.

Recal that for X € K(R?), we can define d + 1 intrinsic volumes Vj(X),
k=0,...,d. We have

e V;(X) = volume (Lebesgue measure) of X
o Vy_1(X) = 271 x surface area of X
e Vy(X) = the Euler-Poincaré characteristic of X

For non-empty X € K(R?), Vj is thus identically equal to 1. The intrinsic
volumes can be extended to larger set classes for which Vj contains interesting
topological information.

The intrinsic volumes are examples of real-valued valuations on R%. They are
motion invariant and continuous with respect to the Hausdorff metric. Recall
that a real-valued valuation on R? is a mapping u : K(R%) — R satisfying

p(KUL)+p(KNL)=p(K)+ p(L),

whenever K, L, K U L € K(R?). Hadwiger’s famous characterization theorem
states that any motion invariant, continuous valuation is a linear combination
of intrinsic volumes.

The classical Crofton formula relates intrinsic volumes defined on j-dimensional
affine subspaces to intrinsic volumes of the original set

) V(X N Fj)dFjd = ca,jkVa—j+r(X), (2)
F;
J=0,1,....dk=01,...,]

Here, ]—';i is the set of j-dimensional affine subspaces in R?. Any F; ¢ ]—'7d is
of the form F; = x + L;, where L; is a j-subspace and x € Lj-. Furthermore,



dFj‘-i = Ag—;(dx) dL?, where dL‘j is the element of the rotation invariant measure

on the set E‘j of j—subspaces in R and Ad—j is the Lebesgue measure on LjL.
In these notes, the rotation invariant measure is normalized such that

/dL?:cd,j:wd-~-wd,j+1/wj---w1. (3)

Here, wy = 27%/?/T'(d/2) is the surface area of unit ball in R%. In (2), cgx is

a known constant - dk—it1
Cd'k_cd"r(jQ T 2] ) (4)
ik = Cd,j .
F(’“;rl)l“(dgl)

Note that for k = j, the Crofton formula relates Lebesgue measure on sections
X N Fj to Lebesgue measure of the original set X. Likewise, for k = j — 1,
sectional surface area is related to the surface area of X.

In rotational integral geometry, the interest is instead in rotational averages
of intrinsic volumes

» Ve(X N L;)dLY =?

j=1,...,d,k=0,...,5.
These integrals are valuations on R?. They are rotation invariant, but typically
not translation invariant.

Let us first consider the case k = j. This is the simplest case where Lebesgue
measure is measured on the section. For j =1,...,d, we have

VXN LALY = caagon [ el (), o)
Lg X

The proof of this result is based on the Blaschke-Petkantschin formula. This
formula exists in many versions. Generally, the Blaschke-Petkantschin formula
concerns a decomposition of a product of Hausdorff measures, see [10, Theorem
5.6]. Here, we only need the decomposition of a single copy of Lebesgue measure.
In this case, the Blaschke-Petkantschin formula takes the following form

Cd—1,j—1Aa(dr) = |x|d_j)‘j(dx)dL;‘l’

see [10, Proposition 4.5]. For j = 1 (line sections), the Blaschke-Petkantschin
formula is simply polar decomposition in R%.

Example 1.1. For d = 3 and j = 2, we get, cf. (5),
/ area(X N L) dL3 = B(X),
£3
where
B(X) :w/ lz| "t A3 (d). O
X
The situation is much more complicated, when k < j. Assume for simplic-

ity of the presentation that X is a compact d—dimensional C? manifold with
boundary. Then, under mild regularity conditions,



Ve(X N L;)dL§
£

= / ||~ (d=9) Z wr jk( Hm (z)H (da), (6)
X

[I|=j—1—k i€l

where X is the boundary of X, the sum runs over all subsets of {1,...,d — 1}
with j—1—k elements, the wy ; is are weight functions involving hypergeometric
functions, x;(z), ¢ = 1,...,d — 1, are the principal curvatures at © € 9X and
H?1 is Hausdorff measure. In 2008, this result was published in Adv. Appl.
Math. by Jensen and Rataj ([12]). Here, the result was established for the
more general set class consisting of sets with positive reach. The proof involves
extensive geometric measure theory.

Very recently, the explicit form of the weight functions wy ;, has been pub-
lished ([2]). Note that if X is a ball centred at the origin O, then the wr ;s
are constant and |z is also constant when z € 0X. We are back to the classical
Crofton formula. Generally, the wy ;s depend on the angle between x and the
outer unit normal u(z) at x € 90X, and the angle between = and the subspace
spanned by the principal directions with indices outside I. In [2], it is shown
for k < j that fﬁ V(X N Lj)dL‘f can be expressed as an integral with respect

d :

to flag measures.

The special case k = j — 1 gives rise to some simplifications of (6). When
k=j—1, 1 =0, the sum on the right-hand side of (6) has only one element and
the curvature product disappears. The following result holds for the rotational
average of the sectional surface area

/ V(XN Lj)dLd
£

= St [ IR o G B()HO (o),
o0X
where F' is a hypergeometric function and f(z) is the angle between z € 90X
and the unique outer unit normal u(x) to the boundary at € 9X (unique
because of the smoothness condition).

The class of hypergeometric functions is parametrized by three parameters
and has well-known series expansions as well as integral representations. In
particular, we have for 0 < 8 < « the following integral representation

1 1
F, — [ (1 —2y)" %1 —y) P dy. 7
sl = o [ = (0
Example 1.2. For d = 3 and j = 2, we find, using (7),
) w/2
Py ap (i 8a)) = 2 [0 sind 5(a)sin® 0)1/2do
272 12 ™ Jo

2 .
= = E(]sin B(X)|,7/2),
where F is the elliptic integral of the second kind. We find

/ length(0X N L) dL3 = B(X),
3



where

BX) =2 /a el B(lsin B(X) . m/2)H2(d). 0

Lecture 2:
Intrinsic volumes as rotational integrals

In this lecture, we want to study the ’opposite/inverse’ problem of determining
the measurement in the section with rotational integral equal to a given intrinsic
volume. So now £ is an intrinsic volume and the aim is to find « such that (1)
is satisfied. This problem has been studied in detail in [1, 6].

More specifically, we want to find a functional o 1, satisfying the following
rotational integral equation

/ﬁd k(X N L)AL = Vg j 1 (X), (8)

J

j=1,...,d,k=1,...,j. From an applied point of view, this question is more
interesting than the one studied in the previous lecture, because «; \ is then
the measurement you need to perform in the section. This measurement has a
rotational average equal to the intrinsic volume considered and can be used to
estimate the intrinsic volume.

Let us first consider a simple example in R? with d =2 and j = k = 1. The
aim is then to find a functional oy ; such that

jCQQLl@xrngdezznea@xy ()

It is fairly easy to find a solution to this problem. Consider an infinitesimal
neighbourhood of z € X of area A2(dx). Transforming to polar coordinates in
R? 2 = (rcosf,rsinf), gives us the following decomposition of area measure
in the plane

A2(dx) = |r|drdd, (10)

r € R, 0 € [0,7). Identifying § with the line L; passing through the origin,
having an angle § with a fixed axis, we have dL? = df, and (10) can equivalently
be expressed as

Ao(dz) = d(z,0) M\ (dx)dL3,

where A; is Lebesgue measure on L; and d(+, -) is the notation used for Euclidean
distance. It follows that

mﬂXﬂLQ:/ d(z,0) A1 (dz)

XNLy

is a solution to (9).

A solution to the general problem of finding a functional «; , satisfying (8)
can be derived by combining the classical Crofton formula with a geometric
measure decomposition of the motion invariant measure of r-dimensional affine
subspace in R?, see [19, p. 285],

dF? = d(F,,0)* " 'dFrdre, (11)



r=20,...,d—1. The solution is given in the proposition below. We will gener-
alize this result to Minkowski tensors in Lecture 3.

Proposition 2.1 (Auneau and Jensen, 2010 [1]; Gual-Arnau and Cruz-Orive,
2010 [6]). Let Y be a compact and convex subset of R7. For j = 1,....d,
k=1,...,7, the functional

1 . .
Oéj,k(Y) = 7/}-;‘ d(O,ijl)d_]Vk,1(Yﬁijl)dF;_l

Cd,j—1,k—1 N

is a solution to (8).
Proof. Using the measure decompostion (11), we find
/ o (X N Lj)dLY
s

1 , ,
=7/ / d(0, F; )" Vet (X N Ly N Fj_1)dF_ dL{
Cdj—1.k=1 Jcd JFI_

1

1 . _
e — / / (0, F;_1) U=V, (X N Fy_y)dF/_ dLd
Cd,j—1,k—1 cd JF

j—1

1
= Vee1(X N Fj_1)dFy
Cd,j—1,k—1 ]:Jr.if1
= Va—jx(X).
At the last equality sign, we have used the Crofton formula (2). O

Example 2.2. For d =3 and j = k = 2, we get
/ 01272(X n Lg)dLg = A:;()()7
£3

where

a272(X N LQ) =

/ d(O, Fy)length(X N Fy)dF}.
C3,1,1 JF2

Furthermore, for d =3, j =2 and k = 1, we get

1
/ az1(X N Lg)dLg = gsurface area(X),
L3

where

04271(X ﬂLg) = d(O,Fl) 1{X ﬁFl 7é @}dFlz

€3,1,0 JF2
O

It was shown in [1] that for £k = j and k = j — 1 the functional ¢; ; can be
considerably simplified and given in more explicit form. The result is presented
in the corollary below.

Corollary 2.3. Let the situation be as in Proposition 2.1. Then,

1 .
;i (Y) = ﬁ/de IAj(dz)
-



and

2¢4-1,j-10551(Y) = / 2979y _ass s (sin (B(2))) R (d2),

oY

where B(z) is the angle between z € Y and the unique outer unit normal u(z)
to the boundary of Y at z € 0Y'.

Proof. Using that F;_; = L;j_; + x, where z € L] 1, we find

1 . .
a;;(Y) = 7/ d(O’Fj—l)d_]Vj—l(YﬂFj—l)dFJJﬂ
Cd,j—1,5—1

_ / / 214V, 4 (Y O (L1 + 2) M (da)d L
Cd,j—1,j-1 L,

B 7/ / / 2| "I N1 (dy) A (d)d L]y
Cdj*lj*l i, LL YO(L;—1+a)

- —— / Ip(ILE )2 (dz)dLd
Cdj—1,5-1 J2)_
1 ) Z|LE )47
Y Il = TR YOS
Cdj—1,j—1 Jy £i_, 2|4~

1 / d—j Jj—1 /1 d=g=1 133
— | |z ——— [y 2z (1—y) 7 dy | A\j(d2).
—— [ <B<; 2 ) v ,(d2)

At the last equality sign, we have used [10, Proposition 3.9]. The result con-
cerning ¢ ; now follows immediately, using (3) and (4).

The result concerning «; j—; is more difficult to show. The details can be
found in [1]. Let us here just give a proof sketch. In [1], it is shown that

g1 jon0y 51 (Y / / )Ly )| (eI L) [T H (d).
ay J?

j—1

The result now follows if we use the following result proved in [1]. For  and y
unit vectors in L; and non-negative integers n, m, we have

L, el iz iz

j—1
n+l m+j5-1
2 7 2

= Yitlp
2

)F_% _%;%(sin2 Z(z,y)).

)

O

In this lecture we have found a functional oy ) satisfying the rotational in-
tegral equation (8). A natural question to ask is whether «; j is unique. If a
solution is seeked among rotation invariant functionals only, this is indeed the
case for j = k =1, cf. [13]. Tt is an open question whether uniqueness holds for
general j and k.



Lecture 3:
Rotational integral geometry of tensors

In this lecture, we will extend the results of the previous two lectures to tensor
valuations. These results are very recent ([3]). We will define so-called inte-
grated Minkowski tensors for which a genuine rotational Crofton formula holds.
As we shall see, using integrated Minkowski tensors, the two problems of finding
(1) rotational averages of intrinsic volumes and (2) expressing intrinsic volumes
as rotational integrals can be given a common formulation.

For non-negative integers r and s, £k = 0,...,d — 1, the Minkowski tensors
are
Wd—k v
D o(X) = 7/ x"u’Ap (X, d(z,u)) (surface tensor)
w r!slwi—kts Jrixgi-1

Py ro(X): %/ 2" Ag(dzx) (volume tensor)
“Jx

Here, 2" is the symmetric tensor of rank r determined by z, while z"u® is

the symmetric tensor product of " and w®. Furthermore, Ag(X,-) is the kth

support measure or generalized curvature measure of X, k =0,...,d — 1. The

support measure Ay is concentrated on the normal bundle NorX of X which

consists of all pairs (x,u) where x € 9X and u is an outer normal vector of X

at x. For r = s = 0, we have ®; ¢ o = Vj, the kth intrinsic volume, £ =0, ...,d.
For the development of rotational integral geometry of Minkowski tensors, we

will now introduce the integrated Minkowski tensors. These tensors are weighted

integrals of Minkowski tensors defined on j-dimensional affine subspaces.

Definition 3.1. For 0 < k < j <d, t > j — d and non-negative integers r and
s, the integrated Minkowski tensors are

o (X) = /f o) (X 1 F)d(F;, 0)'dFY,
and
®toX)i= [ B0 Ba(F; O)ar},

where the integrands o) (XNF;) and o'/ (X NF;) are calculated relative to

k,rs Jir,0
F;. The condition t > j — d ensures that q)fc”tr’s(X) is well-defined.

There are a number of interesting special cases of integrated Minkowski ten-
sors. Using Definition 3.1 for j = d and ¢t = 0 gives b0 = &y, 5. Furthermore,

k,r,s
@i’}%’o & Vatk—j, 0<k<j<d (classical Crofton formula)
More generally, using [9, Theorem 2.4 and 2.5], we find
0 X Pyyp—jrs, 0<k<j<ds=0,1, (12)
20 ) o< a0, 0<j<d, (13)

where o in (12) and (13) means that the two functionals are identical up to a
known constant. In [9], it is also shown for arbitrary non-negative integers s

that @fc’r . is a linear combination of Minkowski tensors.



The integrated Minkowski tensors obey a genuine rotational Crofton formula.

Proposition 3.2. For0 <k < j<p<d, t>j—d and non-negative integers
r and s, we have

, 1 ,
(bg@),tr,s(X) = 67/ ‘Pi’,i;pH(X N Lp)dLg. (14)
d—j—l,p—j—1 JLd
For j =k, (14) holds for s = 0.
Proof. We use the following decomposition
d(F;,0)¢P
dFd = AUE, 017" dFPdLy,

Cd—j—1,p—j—1
0<j<p<d,see l9, p. 285]. We find

(I)j’t

k,r,s

= /F @ (X N Fy)d(F;, ) dF]

J

(X)

1 ,
= / / o) (X N Fy)d(Fj,0)4P+dFP dL
Cd—j—1,p—j—1 Jeg JFr T

1 .
- [ etz
Cd—j—1,p—j—1 Jcd

The second statement is proved in exactly the same manner. U

By choosing the parameters in the rotational Crofton formula appropriately,
either the left-hand side or the right-hand side of the formula becomes a classical
Minkowski tensor.

Corollary 3.3 (rotational averages of Minkowski tensors). For s € {0,1} and
t = p —d, the result in Proposition 3.2 reduces to

—q,p—d
[, (0N L) Az o #t ), (15)
for0<g<m<p<d.
If m = p, then s =0, and we get
Ly —q,p—d
[ ol L) azd g7t ), (16)

P
forO<qg<p<d.
Proof. Combining Proposition 3.2 with equation (12), we find

/q)(LP) (XNL,)dL} o /cb”*‘“’ (XNL,)dL]
L

m,r,s m—q,r,s
£y
x (I)p*qyp*d(X).

m—q,r,s

The second statement is proved in exactly the same manner. O

10



Note that for r = s = 0, the left-handsides of (15) and (16) take the form of a
rotational average of an intrinsic volume, see Lecture 1 and [2, 12].

From an applied point of view, it is in fact more interesting to try to find the
functional defined on the subspace L, whose rotational average equals a given
classical Minkowski tensor. This problem can again be solved for s € {0,1} by
combining Proposition 3.2 with equations (12) and (13).

Corollary 3.4 (Minkowski tensors as rotational averages). For s € {0,1} and
t = 0, the result in Proposition 3.2 reduces to

Bimpra(X) [ LI O L)L, (17)
o
for0<g<m<p<d.
If m = p, then s =0, and we get
Bg0(X) ox / QP P(X N Ly)dLE, (18)
Ly

forO<qg<p<d.
Proof. Combining Proposition 3.2 with equation (12), we find

m—q,r,s m—q,r,s

/E ) b LTP(X N L)LY o ®F 00 (X)

X q)d+m—p,r,s(X)~
The second statement is proved in exactly the same manner. O

For r = s =0 and ¢ = 1, the result in Corollary 3.4 reduces to the main result
in [1].

It is clearly of interest to study what kind of geometric information the
integrated Minkowski tensors carry about the original set X. In the proposition
below, we give such geometric interpretation for (I);Zi,o and @Z:é:i,o. For a proof,
the reader is referred to [3].

Proposition 3.5. For 0 < j <d, t > j —d and a non-negative integer r

ca; T(H0(E)
D0

@;’iO(X) = /er|x|t)\d(dx).

Furthermore, if X is a compact d-dimensional C? manifold with boundary, then
fort >0 and a non-negative integer r

d—1,t Wd—1 d
(I)d—2,r,0(X) = 1 B(%’E)

></ a"|z'F 1 4 4o (sin® B(z)) O (dw).
ox 273

In Lecture 2, we studied the functional o;y, see Proposition 2.1. Note
that this functional is a special case of an integrated Minkowski tensor since
Qjg o< @fcjll”g,_()]. Note also that, in Proposition 2.1, a; ) is expressed as a
functional defined on sets in R7. If we in Proposition 3.5 insert these parameter

values, we get the result in Corollary 2.3.

11



Lecture 4:
Future topics in rotational integral geometry

The geometric identities we have considered in the previous lectures are all of
the form

[ atxnLazg = sex), (19)
e

where either « or 8 is an intrinsic volume or, more generally, a Minkowski
tensor. In this lecture, we will discuss a number of topics for future research in
rotational integral geometry, including uniqueness of « functionals, estimation
of tensors in particle populations and a principal rotational formula.

Uniqueness

In Lecture 2, we have found a functional oy, i, satisfying

/ op k(X O L)AL = Va_pin(X), X € K(RY), (20)
£d

p

p=1,...,d, k=1,...,p. The functional «, } is rotation invariant.
A natural question to ask is whether o,  is unique in the class of rotation
invariant functionals, satisfying (20). The functional oy, j is defined on the set

Sp={XNL,: X e KRY, L, € LI}

In the following, we will restrict attention to convex bodies containing the origin,
ie. O€e X.
In the case p = k = 1, a1, reduces to

1
a1 (XNLy) = CdOO/F d(O, F)*Wo(X N Ly N Fy)dF])

/ d(0,2)* )\ (dx).
XNLy

Note that since X is convex and O € X, XN L; is of the form [r(—u), Ru] where
r,R >0 and u € S?! is chosen such that L; = span{u}. In [13], it is shown
that o 1 is indeed the unique rotation invariant functional on S;, satisfying

/Ld (X N L)LY = Vy(X).

The situation for general p and k is still open. Very recently, some progress
has been made in [13] for functionals of a particular form.

Stereology of tensors

The new geometric identities for Minkowski tensors can be used to estimate the
distribution of a Minkowski tensor in a particle population from sectional data,
thereby providing information about the orientation and shape of the particles.
Let us assume that the particles are a realization of a marked point process

12



U = {[z;;Z;]} where the z;s are the points in R? and the marks Z; are convex
and compact subsets of RY. The ith particle of the process is represented by
X; = x; + Z;. If the particle process is stationary, it can be shown for any
non-negative measurable function h that

EZh(xi7Ei) :/\/Rd /’C h(x, K)Pp (dK)Ag(dz),

where ) is the particle intensity and P,, is a probability distribution on KC(R%),
called the particle distribution. We let =y be a random convex and compact
subset of RY with distribution P,,.

Our aim is to estimate the distribution of 5(Zy) from sectional data where
B is a Minkowski tensor. Available for observation is a sample of particles
{z; +Z; : ©; € W} collected in a sampling window. It is possible to perform
measurements on any virtual section =; N L,. If L, is an isotropic section, then

drd 1
Ly Cd,p Cd,p

The distribution of 5(Zp) can now be estimated by the empirical distribution
of {B(Z;) : z; € W}, where

N
B(Ei) = cap Y a(ZiNLy;)/N
j=1
and Ly, ;,j=1,..., N, are replicated virtual isotropic sections. It still remains

to study the statistical properties of the tensor estimators.

A principal rotational formula

To the best of our knowledge, a principal rotational formula is still not available
in the literature. Focusing on intrinsic volumes, such a formula involves integrals
of the form

| viten gy i) (21)
SOy

k=0,...,d, where SOy is the special orthogonal group in R%, X and Y are con-
vex and compact subsets of R?, and v is the unique rotation invariant probability
measure on SOy4. From an applied point of view such a formula is interesting.
Here, X is the unknown spatial structure of interest while Y is a known ’test
set’ constructed by the observer. The aim is to get information about X from
observation of the intersection of X with a randomly rotated version of Y. For
k =d, (21) is equal to
1

— [ @YX A SR Y NSt dr
Wd Jo

To see this, we use that

Va(X A pY)(dp) = / / 1{z € X N pY IA(da)(dp)
SOq4 SO4 JR4

[ rex) Uso 1z € pY Ju(dp) | Aa(da).

13



Since

| rweivan = [ 1fpiwevivi)
SOy4 SOq

/ Hpz € Y}v(dp)
SOg4

LY ] 811/ ()80
2]~ D I (Y 1 o] 89,

we obtain
| v o)
SOy

1
_ w—d/x|x|_(d_1)Hd_1(Yﬂ|x|Sd_1))\d(dx)

1 oo
= — @Dy X N rSTHHEN Y NSt dr
Wy 0

A result of a similar form involving two terms can be obtained for k = d — 1.
The case of general k is still open.

14
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