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Geometric inference

Given: — An unknown object K (compact set) in R?
— A finite point set P C R? approximating K.

What amount of the topology and geometry of K can we recover from P 7

Intrinsic dimension

location of sharp features



1. Tube formulas, curvature measures and their stability

2. Voronoi covariance measure

3. Distance to a measure and generalized VCM

4. Computations



1. Tube formulas and curvature measures
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Distance function: dp : £ € R? — mingep ||z — p||

Offset: P" := U,cpB(p,7) = dj_al([of'“])

Hausdorff distance: dy(P, K) := ||dp —dg || co-
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r— HYK") is a degree d polynomial.
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Tube formulas and curvature

Theorem (Steiner-Minkowski): For every
compact convex subset K of R?, the function
r— HYK") is a degree d polynomial.

Example: for a polygon P C R?:
H2(P") = H*(P) + rHY(OP) + rnw

Theorem (Weyl): If K C R is a domain with smooth boundary M,
then r — vol*(K") is a degree d polynomial on [0, R] for some R > 0.

Example: if K is bounded by a smooth surface S in R?,
®?, = area(S)
30T\ _ 243 2 251 3 0
HA(KT) = H(K) + 1@y + 7@y + 1P $}- = tot. mean curvature

®Y. = tot. Gaussian curvature
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Federer's local tube formula

Definition: The medial axis of K C R% is
M(K) :={z € RY, #projs(z) > 1}

projp (#) = arg minyek ||z — p||

Definition: reach(K) > R iff K% does not
intersect M (K).

(i) Motzkin's theorem: reach(K) = +oo iff K is convex ;
(i1) If M is smooth, min. curvature radius of M > reach(M) > 0.



Federer's local tube formula

Definition: The medial axis of K C R% is
M(K) :={z € RY, #projs(z) > 1}

projp (#) = arg minyek ||z — p||

Definition: reach(K) > R iff K% does not
intersect M (K).

Projection function pg : R\ M(K) — K .



Federer's local tube formula

B Definition: The medial axis of K C R? is

~—— M(K) := {z € R% #projy(z) > 1}

e —1
K" bk (B) : _ :
: z_ prOJK(Qj) — arg Milye K H$ _pH
KT Definition: reach(K) > R iff K% does not

— . lintersect M(K).

Projection function pg : R\ M(K) — K .

Federer’s tube formula: Suppose R := reach(K) > 0. For all
subset B of K, the map

r = HYK" Npy (B))
is a polynomial of degree d on |0, reach(K)]|.



Boundary measures

Definition: The boundary measure of K
wrt a domain E is defined for B C K by

pr,p(B) =HYE N py (B))




Boundary measures

Definition: The boundary measure of K
wrt a domain E is defined for B C K by

UK.E ‘= DK+ Hd‘E
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Boundary measures

B kﬂﬁ/ Definition: The boundary measure of K

“1(B) wrt a domain F is defined for B C K by

\ - MK, E ::pK#Hd‘E

Federer’'s tube formula: if reach(K) > R, 3 signed meas. (®;(K))o<i<q St
vr e [0, R], pr k= Z?:o P 1
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BL; := {x : R? = R; 1-Lipschitz, ||x|lec < 1}

Bounded-Lipschitz distance: For 1, v = measures with finite mass,
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» If X C B(0,r) with » > 1, and u, v are probability measures on X,
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= supyenr, | [ Xk (@) — X(pr(x)) dHA(x)




Bounded-Lipschitz distance

BL; := {x : R? = R; 1-Lipschitz, ||x|lec < 1}

Bounded-Lipschitz distance: For 1, v = measures with finite mass,

dpr(, V) :==sup,epr, | J xdp— [ xdv|

» If X C B(0,r) with » > 1, and u, v are probability measures on X,
Wl(,u,u)/"r’ < dbL(lua V) < Wl(:uay)

where W is the Wasserstein distance.

» Lemma: dyr(pr e, pr.e) < [Pk —PLlL (&)

SUp, L, | Jie X(0) d ok, 2(0) — [ x(p) dpur,2(p)

= supyepr, | [z X(Px () — x(pr () dH ()]

<l|lpx —prLllL1 (B — x is 1-Lipschitz
|




Nonquantitative stability of curvature measures

Proposition: Let K,,, K be compact subsets of R? s.t. K, % K and
R := min(reach(K ), reach(K,)) > 0
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[Federer 1959]
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Nonquantitative stability of curvature measures

Proposition: Let K,,, K be compact subsets of R? s.t. K, % K and
R := min(reach(K ), reach(K,)) > 0
Then, forany r < R, and E C K,

lim,, o ‘pK — PK, HLOO(E) =0

in particular: limy, 0o dbr (K, B, b, E) =0

[Federer 1959]

Corollary: For all 1 <14 < d, limy,—,o dpr,(®% , P%) = 0.

» Does not apply to a sequence of finite sets K,, converging to K.

» Controlling |[px — pr||L~ (&) requires a lower bound on the reach.
» Based on Arzela-Ascoli’'s theorem = not quantitative.

Goal: Show ||[px — pr|lLi(z) = O(du (K, L)) for arbitrary compact sets
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Optimal stability for boundary measures 1/3

Theorem: Let K, L C R? be compact sets and E a bounded domain

dpr (i B, pr.E) < ck.p\/du(K, L)
assuming that dg (K, L) < diam(K).

[Chazal, Cohen-Steiner, M. 2007]

cx.p = 4 HUE)YH*Y(OF) diam(K))/?

Corollary: Given compact sets K and L in R?, and R > 0,
dor (ki 7y pp, L) < ci,rA/du(K, L)

Corollary: Assume reach(K) > R, and L is any compact set. Then,
Vi€ {1,...,d},dpL (0%, ®%) < cx.pr/du(K, L).

» defined through polynomial fitting, i.e.

e = S0 @47l for fixed 0 < rg < ... <74 < R
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Theorem: Let K, L C R? be compact sets and E a bounded domain

dpr (i B, pr.E) < ck.p\/du(K, L)
assuming that dg (K, L) < diam(K).

[Chazal, Cohen-Steiner, M. 2007]

Optimality of exponent:

A constant fraction
of I is projected to the
vertices of Py.

dvor(px B, 11, E) = Q)

K = unit disk C R? Ly = reg. polygon in K
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Optimal stability for boundary measures 1/3

Theorem: Let K, L C R? be compact sets and E a bounded domain

dpr (i B, pr.E) < ck.p\/du(K, L)
assuming that dg (K, L) < diam(K).

[Chazal, Cohen-Steiner, M. 2007]

Optimality of exponent:

A constant fraction
of I is projected to the
vertices of Py.

dbL(:LLK,EMuLe,E) — Q(f)

K = unit disk C R? Ly = reg. polygon in K
E = B(0,1+ R) du (K, L¢) = O(£?)
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Theorem: If dy (K, L) < diam(K), dpr (x.E, L. E) < CE.K d11{/2(K, L)

Step 1: dvr(uk e, 1) < |IPK — PLllLie) < ¢k, EllPK — PLl|L2(E)

Step 2: px = Vuk a.e. where vg(z) = (||lz|* — dx (z)?) is convex

indeed, vi () = L||z)? — minyex 1|z — p|?

= maxpek 3/|2[? — 3llz — plf°

= maxpek (z|p) — 7 lpl|°

moreover, Ui IS convex

— 1-semiconcavity of the distance function to a compact set.
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Step 3: With u = vk, v = v, ||Vuk| e () + || VUK ||Le(B) = CK

Ipx = PLlliz) = IVok = Vurlliz g < cekllvr — villue(m)
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Proposition: If u,v € C*(E) are convex, and OF smooth,
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Proposition: If u,v € C*(E) are convex, and OF smooth,
IVu = Vollrzzy < 2)|u — vflLe &) ([ VullLe &) + [[VllLoe =) HH (OE)

Stokes

'

fE [Vu — Vol|? = faE(u —v){Vu — Vo|ng)|— fE(u — 0)A(u —v)

L < ||lu — v||Lee () (|| VUl Lo gy + | VUL () HEH(OF)

L < [lu = vlLe(m) [p(|Au| + |Av])

finally: [z 1Au| = [, Au = [, (Vulng) <||Vu||°(E)H 1 (OF)
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convexity Stokes



Example of boundary measures
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Voronoi-based normal estimation

P={pi...,pn} C R

Voronoi cell:
Vorp(p) = {x € R%Vq € P,
|z —p|| < ||z —ql|}

/ /polec %

pole (p) := farthest point to p in Vorc(p)

If C' is a noiseless s-sampling of a surface S, the angle
between pole(p) — p and the normal of S at p is O(e).

[Amenta, Bern 1999]
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Voronoi-based normal estimation

P={pi...,pn} C R

Voronoi cell:
Vorp(p) = {x € R%Vq € P,

lz —pll <[z —qll}

pole(p) := farthest point to p in Vorc(p)

If C' is a noiseless s-sampling of a surface S, the angle
between pole(p) — p and the normal of S at p is O(e).

[Amenta, Bern 1999] [Dey, Sun 2005]

Need of an integral quantity to get stability under Hausdorff noise.
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Normal estimation based on Voronoi covariance

Covariance matrix: cov,(Q) := [(z —p) ® (z —p)dz.| [v® ]y = viv;

The eigenvectors of cov,(€2) are the principal axes of (2 (wrt p).

Algorithm: » Consider the covariance matrix cov,, (Vorg(p;) N E)

» The normal is estimated by the eigenvector corre-
sponding to the largest eigenvalue (in red).

» Resilience to noise is achieved by taking union of
neighbouring Voronoi cells.

[Alliez, Cohen-Steiner, Tong, Desbruns 2007]
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Voronol covariance measure

The Voronoi covariance measure of X wrt a domain £
is a tensor-valued measure on R%. For B C R¢,

Vi,5(B) = [prp-1 () (@ = Px (7)) ® (x — px(2)) dH ()

» Discrete setting: P = {e} C R

pp = closest point in P

pJ_Dl(B) = Upepnp Vorp(p)

Ve E =) ,cpnp covp(Vorp(p) N E)d,

» K € K(RY) — Vi - is a translation-invariant local tensor valuation

» If reach(K) > R, Vi st. Vigr = 3o, Vikr? % on [0, R]

local Minkowski tensor
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| K = convex polyhedron in R?, d = 3
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| K = convex polyhedron in R?, d = 3
| 2 E=KR

///p
Norg (p) := normal cone at p

> If pisavertex of K, Vi gr({p}) = R*"* covg(Norg (p)NB(0,1))
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Voronoi covariance measure of a polyhedron

| K = convex polyhedron in R?, d = 3
| 2 E=KR

///p
Norg (p) := normal cone at p

> If pisavertex of K, Vi gr({p}) = R*"* covg(Norg (p)NB(0,1))

» If ¢ is on an edge with external angle «, spec(Vk r(B(q,7))) = {\:},

A\ = R:r(sin(oz) +a); A= R:r(@ —sin(a)) ;. Az = R:T (&) ;

As r — 0, eg converges to the tangent direction of the edge.



Stability of the Voronoi covariance measure

Bounded-Lipschitz distance for tensor-valued measures u, v

dpr (@, v) = SUP reB1, | ffdﬂ - fdeHop
where for A € Sym™ (R?), || Allop = sup,era\o(Av|v)/||v]]?
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Stability of the Voronoi covariance measure

Bounded-Lipschitz distance for tensor-valued measures u, v

dpr (@, v) = SUP reB1, | ffdM - fdeHop
where for A € Sym™ (R%), || A|lop = SuvaRd\O<A’U’U>/HUH2

Theorem: Let K, L C R? be compact and E a bounded domain

dyr (Vi e, Vi.E) < cp x/du(K, L)
assuming that dy (K, L) < diam(K).
[M., Ovsjanikov, Guibas 2009]

Corollary: Given compact sets K, L with dg (K, L) < diam(K),

dor (Vi k5, Vror) < cg x.r/du(K, L)

— Inference result for local Minkowski tensors of sets with positive reach.



Numerical application of VCM: edge extraction

» (A\;(p))i1<i<s := sorted eigenvalues of VP,PR(B(Z?, r))
» mark p as edge if Aa(p)/(A1(p) + A2(p) + A3(p)) < T

Uniform noise with ¢ = 2% of diameter



Numerical application of VCM: edge extractio

» (Ai(p))i1<i<3 := sorted eigenvalues of Vp pr(B(p,r

» mark p as edge if Aa(p)/(A1(p) + Aa(p) + A3(p)) < T




Numerical application of VCM: edge extraction
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Distance-like functions

Offset-based inference fails
even with a single outlier!

Definition: ¢ : RY — R is
distance-like if ¢ > 0, ¢
is proprer and ¢? — ||.||* is
concave.

The stability theorems mentioned before can be generalized to:
P,dp <+— ¢ distance-like
PT «— ¢~ ([0, r])
du(P, K) <e¢ ¢— [|dx =9l <€

Idea: Replace dp with a distance-like function more resilient to outliers.



Generalized Voronoi covariance measure

The Voronoi covariance measure of a distance-like
function gb is a tensor-valued measure on R%. For B C R¢,

Vo.£(B) = [pny(z) @ ng(x)1p(z — ng(z)) dH ()
where n¢(:z:') = 2V¢*(x).
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Generalized Voronoi covariance measure

The Voronoi covariance measure of a distance-like
function gb is a tensor-valued measure on R%. For B C R¢,

Vo.£(B) = [pny(z) @ ng(x)1p(z — ng(z)) dH ()
where n¢(:z:') = 2V¢*(x).

» Since ¢? — ||.||? is concave, n, = 2V ¢? is well-defined a.e.

» Distance function: With ¢ = dx one has: ng(x) =z — px(x)

l.e. VdK,E(B) = VK7E(B)

Theorem: Given a compact set K and ¢ distance-like,

AL (Vi 57> Voo (0.51) < ci.rll dx — @]/

[Cuel, Lachaud, M., Thibert 2014]



Wasserstein distance

Transport plan: non-negative
measure m on R? x RY s.t.

m(Ax RY) = p(A)
m(RY x B) = v(B)

14, ¥ non-negative measures,
p(RY) = v(RY)
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Wasserstein distance

Transport plan: non-negative
measure m on R? x RY s.t.

m(Ax RY) = p(A)
m(RY x B) = v(B)

4, V non-negative measures, Wasserstein distance:

p(R?) = v(R?) Wa(p, v) i= (ming [ [lz — yl|> d7(z, y)))'/?
Example: point cloud P >  measure iup =55 p0p
. o : ® .. ° .

Do, e . if P=+eUeand Q) = «U-
A ve  thendu(P,Q) = R and Wa(up, uo) < LR
-:. ., In practice, Wo(up, o) < du(P,Q)




Wasserstein distance

Transport plan: non-negative
measure m on R? x RY s.t.

m(Ax RY) = p(A)
m(RY x B) = v(B)

4, V non-negative measures, Wasserstein distance:
u(R?) = v(R) Wy, v) := (ming [ [|@ —y|* dn(,y)))"/>
Summary:
(compact sets, dy) (probability measures, W)
K,dg 1y Ay m
dg distance-like d,, m distance-like
Jdx —dier | < du(BK K| [ dum =y oo <m0 1/2 W, 1)
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Sub,, (1) = {lv < u;mass(v) = m}

<= v(B) < u(B) for all Borel set.

Distance to a measure: Given ;. a probability measure on R%, m € (0, 1)

: 1/2
dpy,m (2) = min, esun,, ()| (55 J Iz = plI* dv(p))

[Chazal-Cohen-Steiner-M '09]
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Distance function to a probability measure

Submeasure: Given a proba
Subp, (1) = {

ility measure p and m € (0,1),

v < U

-mass(v) = m}

<= v(B) < u(B) for all Borel set.

d,u,m(x) = minuESubm(N) (% f HCIJ _pH2 dV(p))

Distance to a measure: Given ;. a probability measure on R%, m € (0, 1)

1/2

Wa(8e,v/m) = —= Wa(mdy,v) =

vm

[Chazal-Cohen-Steiner-M '09]




Distance function to a probability measure

Submeasure: Given a probability measure  and m € (0, 1),

Sub,, (1) = {lv < u;mass(v) = m}

<= v(B) < u(B) for all Borel set.

Distance to a measure: Given p a

dym () = ming,egup,, (1)

orobability measure on R%, m € (0, 1)

(L [z —p|2dv(p)"”
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» Example: Let up = uniform pro

[Chazal-Cohen-Steiner-M '09]
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Distance function to a probability measure

Submeasure: Given a probability measure  and m € (0, 1),

Sub,, (1) = {lv < u;mass(v) = m}

<= v(B) < u(B) for all Borel set.

Distance to a measure: Given ;. a probability measure on R%, m € (0, 1)

: 1/2
dpy,m (2) = min, esun,, ()| (55 J Iz = plI* dv(p))

[Chazal-Cohen-Steiner-M '09]

W2(5m7 V/m) — \/% Wg(m&m V) —

» Example: Let up = uniform probability measure on P and m = k/|P|,

2 1
® d,uP,m — % ZpENN’;,(a:) H.CE _pH2

o where NN% (z) = k nearest neighbors of z in P
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Semiconcavitx of the distance to a measure

Proposition: The function d,, ,, is distance-like.

Proof: We show that d7 ,,, —||.||? is concave:

(*)  dpm (@) = min,esub,, () M fpa Iz = plI* dv(p)

= minyesub,, (1) M Jga([2]* + [P]* = 2(z[p)) dv(p)



Semiconcavitx of the distance to a measure

Proposition: The function d,, ,, is distance-like.
Proof: We show that d7 ,,, —||.||? is concave:
(*)  dpm(®) = minyesun,, (u) M fza [l = pl1* dv(p)

= minyesub,, (1) M Jga([2]* + [P]* = 2(z[p)) dv(p)

= ||2]|* + miny egub,, (u) ™ Jpa([2)? — 2(z|p)) d v(p)



Semiconcavitx of the distance to a measure

Proposition: The function d,, ,, is distance-like.

Proof: We show that d7 ,,, —||.||? is concave:

(*)  di,.(z) = min,esub,, (u) ™ fga |2 — p|I> dv(p)
— minuesubm(u) mfﬂqu(HiUHZ - HPH2 — 2<33‘p>) dV(p)
= ||2]|* + miny egub,, (u) ™ Jpa([2)? — 2(z|p)) d v(p)

—>  dym(x)* —||.]|* is concave, and with v := minimizer in (1),

%Vdi,m(aj) — &L — mfdedV(p)

= x — centroid(v)



Semiconcavity of the distance to a measure

Proposition: The function d,, ,, is distance-like.

Illustration: P sampled from a mixture of two Gaussians in R?.
|P| =500 and m = 20/500

| / >". /
Vo = %.. % A o 4
\': . e ~ \ .
:ll‘ "// d } ) | 2 l,.--'\.-/-.- //
'\ | P /" >4 / | — /...---/
| — 3 - \ | - ‘_/--'
;i ! oo e // / ) i A

d,m distance to the 20th nearest neighbor
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Stability of the distance to a measure

Proposition: || d, ,, — dum |eo < m™Y2Wo(p, 1)

Definition: Assume g is supported on K.
Then, dim(ug) > £ iff Jax,rx > 0 s.t.

Ve € K,Vr < rg, w(B(z,r)) > agr’

Example: Volume measure on a compact surface.

K := spt ()
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Stability of the distance to a measure

Proposition: || d, ,, — dum |eo < m™Y2Wo(p, 1)

L.,

Definition: Assume g is supported on K.
o Then, dim(ug) > £ iff Jax,rx > 0 s.t.

’ Ve € K,Vr < rg, w(B(x,r)) > agrt

Example: Volume measure on a compact surface.

Corollary: If ux has dimension at most 7,
B=50t00 -l dg = dypm lloo < I die =y lloo + | e = dyopm [l

< O‘f_<1/£m1/£ +Hm Y2 W (pp, pi)

smoothing J noise/

In this case, one can approximate Vi xr by Vg 4-1(j0.r)) With ¢ = dyp m.




Example: detection of sharp features

Output: estimated edges and directions

Input: 50k point set P



4. Computations
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Computation of boundary measures and VCMs

Boundary measures of a finite sets can be computed via Monte-Carlo:

Input: PCR% r >0, NN

Hp pPT
vold (PT)

Output: uny ~ p:=

(1) Sample points (X;)1<i<n in P"

(2) Compute the projection of each
point (Xz) on P: Di < pP(Xz)

(3) Consider puy = % D i Op,
UN = % ZZ(XZ — pi) 02 (Xz _ pi)5p¢

P(dprL(pn, 1) > €) < 2exp(|P|In(16/¢) — Ne?)

P = 15k points on the "fandisk”



