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Valuations on Convex Bodies

o F family of subsets of R”

@ > K(R") space of convex bodies (compact convex sets) in R"
» P(R") space of convex polytopes in R"

o (A, +) Abelian semigroup (or Abelian monoid)

e A function z: F — (A, +) is a valuation <—

z(K)+z(l)=z(Kul)+z(KnL)

forall K,Le Fsuchthat K UL KnLeF.
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The Hadwiger Classification Theorem 1952

Theorem

A functional z : K(R") — R is a continuous and rigid motion invariant
valuation
<

i ¢, c1,...,¢ch €R such that

2(K) = co Vo(K) + -+ + cn Va(K)

for every K € IC(R").

Vo(K), ..., Va(K) intrinsic volumes of K
V, n-dimensional volume
2Vp_1(K) = S(K) surface area
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The Hadwiger Classification Theorem 1952

Theorem

A functional z : K(R") — R is a continuous and rigid motion invariant
valuation

<

i ¢, c1,...,¢ch €R such that

2(K) = co Vo(K) + -+ + cn Va(K)

for every K € IC(R").

Vo(K), ..., Va(K) intrinsic volumes of K
V, n-dimensional volume
2Vp_1(K) = S(K) surface area

New proof by Dan Klain 1995 )
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Classification of Valuations on Convex Bodies

o Real valuations:
Blaschke 1937, Hadwiger 1949, McMullen 1977, Klain 1995,
Alesker 1998, Ludwig 1999, Ludwig & Reitzner 1999,
Schuster 2006, Bernig & Fu 2011, Haberl & Parapatits
2014, ...

@ Vector and tensor valuations:
Hadwiger & Schneider 1971, Schneider 1972, McMullen
1977, Alesker 1999, Ludwig 2002, Haberl & Parapatits
2014+, ...

@ Convex body valued and star body valued valuations:
Schneider 1974 (Minkowski endomorphisms), Ludwig 2002
(Minkowski valuations), Kiderlen 2006, Haberl & Ludwig
2006, Ludwig 2006, Schneider & Schuster 2006, Schuster
2007, Haberl 2009, Abardia & Bernig 2011, Wannerer 2011,
Schuster & Wannerer 2012, Abardia 2012, Parapatits 2014,
Li & Yuan & Leng 2014+, ...
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Valuations on Lattice Polytopes

@ P lattice polytope in R” <= P is the convex hull of points from Z"
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Valuations on Lattice Polytopes

@ P lattice polytope in R" <= P is the convex hull of points from Z"

@ P(Z") space of lattice polytopes in R”

@ Applications
» Geometry of numbers
» Crystallography
» Statistical physics
> Integer programming
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Valuations on Lattice Polytopes

@ P(Z") space of lattice polytopes in R”
e (A,+) Abelian semigroup

@ A function z: P(Z") — (A, +) is a valuation <
z(P)+2z(Q)=2z(PuQ)+z(Pn Q)
for all P, Q € P(Z") such that P u Q € P(Z").
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Valuations on Lattice Polytopes

@ SL,(Z) special linear group over the integers:

x — Ax (n x n-matrix with integer coefficients)
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@ SLh(Z) special linear group over the integers:
x — Ax (n x n-matrix with integer coefficients)

@ z:P(Z") — A is SLn(Z) invariant

<

2(¢pP) = z(P) for all ¢ € SL,(Z) and P € P(Z")
@ z:P(Z") — A is translation invariant

<

z(P + x) = z(P) for all x € Z" and P € P(Z")
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Valuations on Lattice Polytopes

@ SLh(Z) special linear group over the integers:

x +— Ax (n x n-matrix with integer coefficients)

@ z:P(Z") — A is SLn(Z) invariant

<

2(¢pP) = z(P) for all ¢ € SL,(Z) and P € P(Z")
@ z:P(Z") — A is translation invariant
<

z(P + x) = z(P) for all xe Z" and P € P(Z")

Question. J

Classification of SL,(Z) and translation invariant valuations z : P(Z") — R
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The Betke & Kneser Classification Theorem 1985

Theorem (Betke & Kneser: Crelle 1985)

A functional z : P(Z") — R is an SLn(Z) and translation invariant
valuation

<

1 ¢y, c1,...,¢n €R such that

z(P) = o Lo(P) + - - - + cn Lo(P)
for every P € P(Z").

Lo(P),...,Ln(P)  coefficients of the Ehrhart polynomial
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The Betke & Kneser Classification Theorem 1985

Theorem (Betke & Kneser: Crelle 1985)

A functional z : P(Z") — R is an SLn(Z) and translation invariant
valuation
<

1 ¢y, c1,...,¢n €R such that
z(P) = co Lo(P) + -+ + cn Ln(P)

for every P € P(Z").

Lo(P),...,Ln(P)  coefficients of the Ehrhart polynomial
Betke & Kneser: unimodular valuations
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Classification Theorems

Theorem (Betke & Kneser)

A functional z : P(Z") — R is an SLn(Z) and translation invariant
valuation

N
3 co,€c1,---,¢n € R such that

z=cylo+---+cplp.

Theorem (Hadwiger)

A functional z : IC(R") — R is a continuous and rigid motion invariant
valuation

3 co,¢c1,---,Cn € R such that

z=c W+ +c,V,
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

il
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Ehrhart Polynomial

L(P) number of points in P n Z" for P € P(Z")
(lattice point enumerator)

L(kP) = > Li(P) k' for ke N
i=0

o Li:P(Z") - Q is an SLn(Z) and
translation invariant valuation, which is
. homogeneous of degree i

* 0 Ly(P)=V,y(P), L(P)=1
** * * * * * o Eugene Ehrhart 1962

Monika Ludwig (TU Wien) Valuations on Lattice Polytopes Part | 10 / 17



Ehrhart Polynomial
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Ehrhart Polynomial

L(kP) = > Li(P) K
i=0
1 Voeoi(F)
° Lo(P) =3 et aff F
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Ehrhart Polynomial

1 Vea(F)
° Lna(P) =3 . det aff F

Theorem (McMullen 1975)

If Py,...,PmeP(Z") and ki, ... kmeN, then L(ky Py + - --

a polynomial in ky, ..., kny.

+ Kkm Pm) is
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Ehrhart Polynomial

1 Vo1(F)
L o (P) == Ln=2t\D)
° Lna(P) =3 . det aff F

Theorem (McMullen 1975)

If Py,...,PmeP(Z") and ki, ... kmeN, then L(ky Py + - --

a polynomial in ky, ..., kny.

+ Kkm Pm) is

Corollary (Raman Sanyal 2014)
The functional Ly : P(Z") — R is Minkowski additive.

Monika Ludwig (TU Wien) Valuations on Lattice Polytopes Part |

11 /17



Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

1
nl

@ S basic simplex « V(S) =
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

1
n!

@ S basic simplex « V(S) =
° 7}-: [0,61,...,6_,']
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex « V(S) = %
on:[oaela"'aej]
. . . . . . . ] Iattlce pOIntS in k Tn

Monika Ludwig (TU Wien) Valuations on Lattice Polytopes Part | 12 /17



Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex « V(S) = %

on:[oaela"'aej]

. . . . . . . ] Iattlce pOIntS in k Tn

. o L(kTy) = ShoLli Tas) = ("34)

Monika Ludwig (TU Wien) Valuations on Lattice Polytopes Part | 12 /17



Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex « V(S) = %
on:[oaela"'aej]
. . . . . . . ] Iattlce pOIntS in k Tn

o Lk To) = S0 o Li(T,) K

L] L . . . . .
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Ehrhart Polynomial for a Basic Lattice Simplex

@ S n-dimensional lattice simplex

@ S basic simplex « V(S) = %
on:[oaela"'aej]
. . . . . . . ] Iattlce pOIntS in k Tn

o L(kT,) = Zf';o L(i Th1) = (nJr:k)
o L(kTy) =7 oLi(Tn) k'
. @ S basic n-dimensional simplex =

. S = ¢T, with ¢ € SL,(Z)

L(kS) = X0 Li(S) K
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Inclusion-Exclusion Principle

Theorem (Betke 1979; McMullen: AiM 2009)

Let z: P(Z") — A be a valuation, where A is an Abelian group. If the

lattice polytopes P1, ..., Px satisfy that their union and the intersection of
at most n of them are all lattice polytopes, then

z(PLu--UP) = Y (D)™ z(PynnPy).

1<ip<--<im<k
1<m<min{k,n}

Monika Ludwig (TU Wien) Valuations on Lattice Polytopes Part |

13 /17



Dissections of Lattice Polytopes

@ P lattice polytope

@ Every lattice polytope can be dissected into
lattice simplices.
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o . @ P lattice polytope
. . @ Every lattice polytope can be dissected into
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@ For n > 3, there are (full dimensional) lattice simplices S with
L(S)=n+1but V(S) > L.
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Dissections of Lattice Polytopes

o . @ P lattice polytope
. . @ Every lattice polytope can be dissected into
lattice simplices.
\ @ Every lattice polygon can be dissected in
* e e basic lattice simplices.

@ For n > 3, there are (full dimensional) lattice simplices S with
L(S)=n+1but V(S) > L.

Reeve tetrahedron [(0,0,0), (1,0,0), (0,1,0), (1,1,k)] with k € N
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Dissections and Complementations
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Dissections and Complementations

@ Proof of the inclusion-exclusion principle
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Dissections and Complementations

@ Proof of the inclusion-exclusion principle

@ Similar arguments for dissecting and
complementing by basic simplices

= existence of Ehrhart polynomial
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Dissections and Complementations

@ Proof of the inclusion-exclusion principle

@ Similar arguments for dissecting and
complementing by basic simplices

= existence of Ehrhart polynomial

= Betke & Kneser theorem
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Valuations on Lattice Polytopes

Theorem (Betke & Kneser 1985)

@ Every SL,(Z) and translation invariant valuation z : P(Z") — A is
uniquely determined by its values on Ty, ..., T,.

@ Every choice of values on Ty, ..., T, in A defines an SL,(Z) and
translation invariant valuation.

@ A Abelian group
o Ty =[0,e1,..., €]
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Valuations on Lattice Polytopes

Theorem (Betke & Kneser 1985)

@ Every SL,(Z) and translation invariant valuation z : P(Z") — A is
uniquely determined by its values on Ty, ..., T,.

@ Every choice of values on Ty, ..., T, in A defines an SL,(Z) and
translation invariant valuation.

@ A Abelian group
) Tk = [O,el,...,ek]

@ = existence of Ehrhart polynomial

@ Tensor valuations and convex body valued valuations (Part 2)
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Thank you!
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